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Dynamics of Spinning Bodies Containing Elastic Rods

PETER KULLA¥
Messerschmitt-Bélkow-Blohm GmbH, Ottobrunn b. Miinchen, Germany

The linearized partial and ordinary differential equations of spinning bodies containing elastic rods are for-
mulated: the rods are along the spin axis and perpendicular to it. Rigid symmetric rotors parallel to the spin
axis are included. After transformation to the frequency domain, the impedance of the rods is derived from the
partial differential equations and then used to describe the dynamics of the combined system in terms of six degrees
of freedom of the central body. No truncation error is induced as in normal mode analysis. The system becomes
unstable when the lowest natural frequency approaches zero. So the stability limit is independant of internal
damping. For rods along the spin axis and for cable-type rods perpendicular to the spin axis closed-form solutions
are available. It is shown that the system becomes less stable if the translational motion of the center mass is

suppressed.
Nomenclature
A = 6 x 6 impedance matrix
a = {a;}; 3 X 1 vector of absolute velocity of rod point in com-
ponents of
EI = flexural stiffness of rod
f = {M,,K;}; 6 x 1 vector of external forces in components of 8

F,, G, = impedance functions

= height of radial rod above 3,f3, plane

= principal moments of inertia of undeformed structure

= length of rod

= mass of complete structure

= tip mass of rod

= distance of point attachment rod from spin axis (radial rod)
or from center of mass (axial rod)

= momentum of rotor due to relative rotation

= La Place operator

= transformation matrix

= {u, v, w}; 3 x 1 vector of dimensionless elastic displacement
in components of 8

={Q,,c1}; 6 x 1 velocity vector of 5 in components of 8

= coordinate on rod axis (0 <x < 1)

= integrals of rod deflection

= inertial reference frame

= body fixed reference frame

= EI/(Q3%ul*) dimensionless flexural stiffness

rod mass per unit length
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angle between radial rod and 3,85 plane
= average of Q;

=Q3;— Q5

= —Js

= derivative with respect to time

= derivative with respect to spatial variable
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Introduction

N mechanics special interest has always been paid to the

dynamics of rigid spinning bodies. If the spinning body can-
not be treated as rigid, problems arise, the investigation of
which is far from complete. Such problems occur in con-
nection with spin stabilized satellites containing elastic rods,
serving as antennas.

This study is the result of investigations carried out primari-
ly for the project HELIOS. However, the results are given in
the form of a parameter study and thus are not restricted to
any special configuration. Figure 1 gives one possible con-
figuration from the variety of systems covered by this study.
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The investigations reported in the literature are restricted
to special structures. In Ref. 1 a symmetric spinning body
containing two equal elastic rods placed in opposite directions
along the spin axis, is investigated. In Ref. 2 attention is
focused on a spinning body containing a symmetric rotor and
a mass-spring-dashpot system. Both investigations indicate
that elasticity can have a certain destabilizing effect. The
purpose of this paper is to achieve generality by treating the
effect of elasticity of various parts from the same point of
view. It turns out that the stability limit can be given in an
equally simple manner for spinning bodies with elastic rods as
for rigid spinning bodies. This is true even for structures with
an unrestricted number of radial rods, axial rods, dampers and
rotors.

The following assumptions have been made: a rigid central
body; straight rods extending in the direction of the centrifugal
field or spin axis; arbitrary number and position of rods;
parameters of rods constant over the entire length; rods may
have tip-masses; no torsion and no elongation of rods; damp-
ing in rods linear but of arbitrary magnitude; rigid symmetric
frictionless rotors; rotor axis parallel to spin axis but not
necessarily coincident with it; small nutation cone (in order to
linearize the problem); central body free to translate as well as
rotate; and no gravitational forces, thermal effects, etc.

The dynamics of systems of the particular type under con-
sideration here are described by sets of partial and ordinary
differential equations. Six ordinary differential equations
describe the rigid body motion while two partial differential
equations per rod describe the rod deflections.

Usually the partial differential equations are converted into
ordinary differential equations via normal mode expansion or
spatial discretization.! This common practice has the dis-
advantage of generating a large number of equations and
hence considerable computation. In addition, limiting the
number of modes tends to make the mathematical model more
stable than the actual system is. The error is small if the
actual rod deflections can be closely approximated by the
modal expansion which sometimes requires a large number of
modes.

To overcome these difficulties, a method is chosen which is
well known in principle, but is not commonly applied to the
solution of the problem under consideration. In particular,
an elastic rod is thought of as a black box. The analyst is

Fig. 1 Rigid body with
flexible rods and rotor.
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interested only in the input and the output of the box; what
happens inside the box is irrelevant and unknown. The
input of the box is represented by the excitation of the rod in
terms of rigid body motions. The output is the reaction of the
rod to the central body in terms of forces and moments exerted
on the rigid central body. The deflections of the rod, though
causing the forces and moments, remain inside the box.
After transformation to the frequency domain, the relation
between the input and output is given by a 6 X 6 impedance
matrix which is generated by a computer subroutine, rep-
resenting the inside of the black box.

This method offers the following advantages: No matter
what the number and position of the rods, the partial differen-
tial equations must be set up and programmed for solution for
one radial and one axial rod only. An entire variety of rods
can be treated in the subroutine by varying the parameters.

Using the 6 X 6 impedance matrix, the dynamics of the
coupled system (rigid body and elastic rods) can be formulated
in terms of the six degrees of freedom of the rigid central body
only. Any number of rods can be accounted for by repeatedly
calling the subroutine. The method described is commonly
applied to electrical and static mechanical problems and holds
for linearized thermal problems as well.

The equations are formulated in a body-fixed frame of
reference B, which is attached to the central rigid body. This
frame of reference represents the principal axes of the unde-
formed system. Of course, the principal axes of the deformed
body differ from the system S by rotation and translation.
However, the principal axes of the deformed system are not
only not needed, but the formualtion and solution of the
problem become even simpler in terms of the coordinate
system f.

The Lagrangian method is used to set up the equations.
They contain terms due to the rigid central body as well as
terms from the elastic rods. Among the latter, two different
types of terms can be distinguished: those containing and those
not containing elastic deformations. 1f the terms containing
no elastic deformations are combined with the terms of the
rigid central body, the system can be regarded as a rigid cen-
tral body with rigid rods. Therefore, the problem is for-
mulated in terms of a rigid body including rigid antennas and
in purely elastic terms, which disappear in a rigid system.

The equations are linearized by assuming small nutation
angle. Moreover the magnitude of the momentum vector
is assumed constant. As a result, the spin rate consists of a
constant and a harmonic component, the harmonic “ripple”
being small compared with the constant “average” spin rate.
Linearization is performed on all equations by dropping terms
of order higher than one.

One of the most interesting questions is the stability of the
system. The theory of stability by Liapunov starts with the
nonlinear equations and calls the theory of the linearized
variational system “theory in the first approximation.” If
the linearized system has only negative real parts in the char-
acteristic exponents, then the nonlinear system is stable, and if
at least one real part is positive, then the nonlinear system is
unstable. If the real parts are all nonpositive, with at least
one part being zero, a so-called critical case is encountered and
the linearized system does not yield a conclusive stability
statement. In the critical case stability is dictated by terms of
higher than first order.

In the system encountered here, all real parts are, in general,
zero. But this does not mean that terms of higher order will
decide on stability, as disappearance of the real parts is only
a consequence of having neglected damping. If damping is
included in the analysis, all real parts will generally become
different from zero and the linearized equations will
yield the exact stability conditions of the non-linear system

for small perturbations. The influence of internal damping .

on spinning bodies, however, was investigated and can be
summarized as follows: Nutation of a spinning body makes
the rotation vector form a cone in the spinning body. If this

DYNAMICS OF SPINNING BODIES CONTAINING ELASTIC RODS 247

motion occurs in the direction of spin, damping has a stabiliz-
ing effect and vice versa. The common limit of both cases is
the special case where the spin vector is fixed in the spinning
body. This implies that the nutational frequency is zero, the
motion is stationary and internal damping has no effect at all.
These results are presented in a slightly different way in Ref. 3.

When investigating stability it is useful to recall that the
characteristic polynomial of undamped systems has only terms
of even powers. Thus, every eigenvalue multiplied by —1 is
also an eigenvalue. Although the distribution of poles in the
s-planeisalways symmetric to the real axis it is also symmetric
to the imaginary axis for undamped problems. From this it
follows that the system is unstable if not all eigenvalues
(= poles of the transfer function) lie on the imaginary axis of
the s plane.

Varying the system parameters in order to find the conditions
under which poles leave the imaginary axis shows that the
poles can leave the imaginary axis only through the origin of
the s plane. Although this fact was observed earlier, a formal
proof is unknown to the author. On the other hand, poles
can also go through the origin without leaving the imaginary
axis. Whether or not the poles leave the imaginary axis when
going through the origin depends solely on the question
whether or not the transversal axes 8, and 8, are equivalent.
The poles of symmetric systems (with equivalent axes B8, and
B.) do not leave the imaginary axis; the poles of nonsymmetric
systems do leave the imaginary axis.

If the poles do not leave the imaginary axis when going
through the origin, the system will undergo nutational motion
even after that event, but the rotation vector then will move in
the opposite direction (as against the body-fixed system ) and
the effect of damping will be contrary to that before the event.

These facts are of considerable practical interest. [t can be
inferred from them that the necessary and sufficient condition
for the stability limit for an elastic spinning body with internal
damping is given by setting the nutational frequency in the
body-fixed reference frame equal to zero. Furthermore, they
assure that this limit is independent of internal damping.
After the nutational frequency has exceeded zero, symmetric
systems will become unstable due to internal damping, where-
as nonsymmetric structures become unstable regardless of
internal damping.

The equations of motion are given in matrix form

A-v="f M

The impedance maxtrix A includes the effects of the rigid body,
radial rods, axial rods and rotors.

A=A+ Aot Ak + Arot 2

The main task of the paper will be to set up these impedance
matrices.

Differential Equations and Boundary Conditions

It will prove advantageous to choose a set of body axes
coinciding with the principal axes of the undeformed structure
and fixed with respect to the rigid central body. As this
system is not inertial, derivatives with respect to time must be
handled carefully.

The equations are set up for a rod parallel to the axis 8.
By a transformation to be described later, rods that differ from
the case described here can be included. To give a concise
presentation of the method, tip masses of the boom are
omitted. However, there is no difficulty in including tip
masses and the resuis are given including them.

The equations are set up using variational principles. To
define the state of motion, 8 variables are necessary, 6 of which
are discrete (3 translations and 3 rotations of the rigid central
body) while 2 are continuous (deformations of the rod). The
potential energy ¥ and kinetic energy 7 of the system can be
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set up as functions of these 8 variables. The Lagrangian has
the form

L=T—V &)
Hamilton’s principle

t2
s f Ldt —0 @)
1

yields the Langrangian equations of the system. Because of
the nature of the variables, 6 differential equations are ordinary
and 2 are partial. The velocity a of point 4’ relative to the
inertial system «, expressed in components of the body-fixed
system 8 may be immediately derived from Fig. 2 in the
matrix form

Qu(h + wiy — Qsvl —ul + ¢
a=|—Quh+wh+ Qs(r + (x — W)+ ol + c2 &)
Qo —Q(r+(x—w)+wl+cs

w) =3[ @+ w

Effecting the variation with respect to the two partial
variables, certain mathematical difficulties will arise from
the fact that the axial displacement u of the rod is an integral
function of the lateral displacements » and w. Therefore, the
partial differential equations are set up in a different way.
This task is performed now, before proceeding with the for-
mulation of the Lagrangian function.

The spin velocity is composed of a constant average portion
Q, and a varying portion O,

Q; = ﬁs + Qs (6)

where Q5 is of the same order of magnitude as ©; and Q..
Now the inertial acceleration of point 4”, expressed in terms of
the body-fixed reference frame B, can be given.

— Q32 + xI)
. ¢ — Qb+ B+ Qs(cy + Qah — Qavl) +
(djdt)a = (dldt)(€2)(r + xI) ™

és — Qalr + xD) 4+ Wi+ O, Qa(r + x1)

Only terms of the lowest order in every direction respectively
are considered, as only they will form linear terms in the
equations.

The differential equation for a rod with axial and lateral
load is well known

(aev”)” + (ant’) + aub = ar, (8)

where agr, ax, aum, and ag represent the bending stiffness, normal
force (pressure positive), mass distribution, and lateral loads,
respectively.

Inthe problem encountered here, ay can be given in terms of
the first component of vector (7), while a, results from the
second and third component of vector (7). Starting with
Eq. (8) the equations of the rod perpendicular to the spin axis
are derived with the help of Eq. (7). The equations are

0" —[p(1 —x) +0.5(1 — x)" + (p+ x)0" —v + 5/Q? =
—[Qsler + Qah) + ¢2 — Quh + (dldr)(Qa)(p + 00/(Qs])
(%92)

-

A
T
e 4
—
ul LA v
x{ * =

Fig.2 Radial rod deflected.
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ew” —[p(1 ~ %)+ 0.5(1 — x*)w" + (p + )W + /032 =
- [l(P + x)(§391 - Qz) -+ éa]/(ﬁazl)
(9b)

The equations of the deformation of the rod in the equatorial
plane v and in the meridian plane w differ by one term, as
centrifugal acceleration is a radial field in the equatorial
plane and a parallel field in the meridian plane.

Using variation principles, the Lagrangian equations can be
derived from Eq. (4). Assuming ordinary variables, they are

(dldt)(2L[og:) — oL]og: = Q. 10

In our case it is more convenient to use the Lagrangian equa-
tions for “quasi-coordinates.”*

(djdt)(BL/2Y,) — Q3(BLI8Q,) + Q(0L[2Q3) = M, (11a)
(dJdr)(EL2Q,) — Q,(LJoQs) + Qy(0L]0Q) =M, (11b)
(@dr)(BL[20,) — Qu(oL[6Q) + Q,(0L)6Q,) = Ma  (110)
(d)dt) (oL bes) — Q5(3LJ0cs) + Qu(2L)3cs) = K, (11d)
(d)dt (oL} éc;) — Q4 (3L[ecs) + Qa(@Ljde,) = K, (1)
(djdtX(@L]dcs) — Q,(8LJ8c,) 4+ Q1(3L{3c,) = K 11f)

The reference frame does not coincide with the principal axes
of the deformed body, but this does not affect Eq. (9) pro-
vided the Lagrangian function is formulated correctly. With
the help of Eq. (5) the kinetic energy T of the rod can be
formulated.

1
T=0.5,ulf a’? dx
0

The potential energy results from bending only, and can be
written as

1
V = 3EI f W + wdx|l a2)
0
According to Eq. (11), we obtain equations

1 1
—plh f Bdx + ,Lzzhﬁff vdx=M, (13a)
0 ()
1 _ 1
—ul? fo W+ xDdx — 2ul*Qsh fo pelx —
_ 1
w202 [ wir + xldx = Ma - (13b)
[
1
2 f (r -+ xl)idx = Ms  (13¢)
0
_ 1
—2ul*0, f bdx =K,  (13d)
0
1 — 1
ylzj sdx —ymszj vdx =K,  (13¢)
(] (4]

1
i L Wdx =K (13f)

In Eq. (13) only terms that contain either v or w are included.
All other terms represent the influence of the rigid rod. They
are taken into consideration by adding the rigid rods to the
rigid central body.

Fig. 3 Axial rod deflected.
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The equations for the axial rod are derived in the same way.

They have the form

e + il'/ﬁaz —Uu— 213/63 = (P + X)(Q1§3 + Qz)/ﬁsz -
Q52D+ ex/(Qs])  (14a)

e + 5052 — o+ 24/Q5 = —(p+ x)(Qzﬁa —Q)/Q5% —
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The solutions of the partial differential Eqs. (9)are normalized
by assigning the right sides the values 1 and p+ x. The
resulting deflections are marked by a (*) or a (**), respectively.

The following designations are introduced:

1 1 1
fv*dx:ZI; fv**dx:Zz; fv*(erx)dx:Zg,;

[y] o [¢]

EN(Q320) — ¢, (Q3l)  (14b) 1 1 (
L f v**(p + x)dx =Z.; I w¥dx =Zs; j w¥tdx =Z¢;
ul? f O+ xD(—5 + Q20 — 2Qi)dx = M, (l4c) o 1 0 1 o
0
1 j WH(p + x)dx = Z7; f W (p - x)dx = Zs  (17)
ul? f (r + x)i — Ou?u — 2039)dx — M, (14d) ° °
o The values Z; = Z,(¢,p,w) are computed by a program.
0=M, (14e) The matrix A..q is obtained by substituting Eq. (17) into
Eqgs. (13).
Arad =
[ulZio@? + 057, —plh@? 4 002, —plhio? + 0592,  —plh(w? + QA2 —plhjo(® + Q:%)Z, 0 )
Q52 Q; Q,2 Q, Q52
2ulh?*w?Z, Dl
Q, J e 2ulPhe?Z, _ —2ulhw?Z, — plja(w? — 0332,
—ul(0? — 0,3 Z, i’iﬂ‘g# a. 2ulhjw a, 0.7
Q, 3
—ulPhjww?Z, wltha?Zy plPjow?Z, wl2w?Z, wl?jww?Zs 0
Q52 Q, Q52 Q; Q5,2
2ulhw*Z . —2ul?w?Z . —2ulw?Z
_Tl 2ulhjwZ, T_z 2uljiwZy —63—"1 0
—ulhjo(w? + Q3 2, wlh(w? + Q30 Z, pljol(w? + Q32 Z, wllw? + Q32 Z, wliw(w? + Q32)Z, o
Q;2 Qs Q52 Qs Q2
y.i2iu226 7/1.1?0.}(»226 o 0 0 p,/j(iwzzs
L Q3 Q57 Qs |
1s8)
L— — . System (14) can be solved in a similar manner. A more
e IZL (i — L23%u — 2Q50)dx = K, (14) direct solution, however, is based on the folowing idea. If the
. equations for the axial rod are formulated in an inertial coor-
2 j i — 0.2 + 20.dx — K 14 dinate system, as opposed to the body-ﬁ?(ed coordinate system
H o( 370 2828) ? (14g) used in Eq. (14), the well-known equation for a transversally
0=K, (14h) vibrating rod

In Eq. (14), as in Eq. (13), only elastic terms are taken into
consideration.

The boundary conditions are the same for the axial as well
as for the radial rod.

v(0) =v'(0) =v"(1) =0v"(1) =0 (15)

Solution of the Partial Differential Equations

As the equations are linear with coefficients constant in time,
derivatives with respect to time are removed by Laplace-
transformation. It is useful to substitute

(16)
Considering Eqgs. (13), one notes that the deformations of
the rod appear only in terms of their integrals over the rod
length; the deformations as function of the rod length are not
significant in this context. As the rigid body motions Q; and
¢, appear as excitations in the partial differential Egs. (9), the
required integrals can be given as functions of the rigid body
motions.

Equations (9) are linear but space dependent. They are
integrated with respect to the spatial position by a computer
subroutine.

s =jw

(=G"—=G»P)j —G"+Gy?
Glm _GllJ (-‘Glm_Glp)j
Aaxi = 0 0
_sz + Gzp (sz + G2p)j
(—G." — Gzp)j —G."+ G’
0 0

[~ NNl ol )

(19)

should appear. Equation (19) results from Eq. (8) by setting
ay =0. This is so because the rotation of the rod has no
influence on the motion since the moment of inertia of the rod
about the spin axis is neglected. Now, closed-form solutions
of Eq. (19) are known for different boundary conditions
(e.g. Ref. 5). To employ these solutions for the problem
encountered here, they must be brought into a suitable form.
First, the excitation of the rod is transformed from the body-
fixed to the inertial reference frame. The transformations are
represented by rotation matrices relating the rotating and the
nonrotating reference frames. Although they are not difficult
in principle it would be tedious to demonstrate them in full
detail. Thus, only two short remarks shall be given here.
In Ref. 5, forces and moments are related to displacements.
These formulas must be differentiated with respect to time, as
the forces in relation to the appropriate velocities are needed
here. In Ref. 5, the response of the complete rod is given,
but here only that part of the response due to elastic deforma-
tions is needed. This gives rise to the terms A in Eq. (20c).

The transformations result in the following impedance
matrix for an axial rod:

(auv”)” +amb=ar

G," —G? —G,"— G, 0

(G.™ + G2P)j G." — Gy’ 0
0 0 0 (20a)

(_Ga"' —Gsp)j “G3M+G3p 0

Gs"— G  (—Gs"—G3P)j 0

0 0 0
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G1 :EI(F15 - 2pF16 + p2F17)/(2Vl)
G, = EI(Fi¢ — pF)(2vI?); G3 = EIF,,/(2v]3) (20b)

The terms F represent the solutions of Eq. (19) as given in
Ref. S.

F,5s = —MchA sinA — shA cosA)/(chA cosA -+ 1) -+ A*/3

Fy6 = A2shA sinA/(chA cosA + 1) — A4/2

F,; = —A3(chA sinA + shA cosA)/(chA cosA + 1) + A4
A = (v2ul*/EIY*,; v=w 4+ Q,

(20c)

The superscript of G indicates which sign must be chosen in
the equation for ». Matrix (20a) is in accordance with a
solution of Eq. (14) in the body-fixed reference frame.

Transformation of the Results to a Rod with Arbitrary
Direction in the Equatorial Plane

Now a radial rod is considered which is derived from the

former case by rotation with respect to axis B, by angle .

This results in a transformation of the rod impedance matrix.
The new matrix A is given by
A=T '-A-T

—S

SO

(2]

cooocw o
coocoo
coco~Oo0
cvwoocoo ¥
—oo0ocoo

o0

where ¢ = cos and s = sin.

Equations of the Rigid Part

The rotational motion is described by the Eulerian equations

1101 + (I3 _Iz)Qst :Ml(t)
1202 + (11 *Is)nga = Mz(t) (22)
LQs + (I, — I)Q,Q, = Mi(2)

The equations for the translational motion are derived with
the help of the Lagrangian

(él — Qsc, + QzCs)M = K1(t)
(éz — Qie5+ Q301)]\4:1(2(1‘) (23)
(é3 — chl + Q1C2)M:K3(I)
Assuming small nutation angle, Eq. (22) and Eq. (23) are
linearized with the help of Eq. (6). After transformation to

the frequency domain the impedance matrix can be given as
follows:

_jw11 ﬁ3([3 —1I)
—Qs(Is - 11) jwlz
0 0
Ade = 0 0
0 0
0 0

The Equations of the Rotor

Rigid frictionless symmetric rotors are included in the
analysis. The rotation axis is assumed to coincide with the
rotor symmetry axis and to be parallel to 8;. Similar to
the elastic rods it is advantageous to include the rotor when de-
termining the rigid body parameters. Then the influence of
the rotor can be given in terms of the momentum R due to
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the relative rotation only, leading to

0 Ri,
Arol[—R 0 i ] (25)

Natural Frequencies and Stability

The conclusions of this chapter also hold for booms with tip
masses. In the preceding chapters the impedance matrices of
elastic rods and rigid body were set up separately. The im-
pedance matrix of the combined system results from addition -
of these matrices. Now the matrix of the combined system
will be used to obtain some results of practical interest.

To give the system response to an arbitrary continuous or
discontinuous excitation it is necessary to find the transfer
functions of the system. For a given system they differ only
in the zeros and a constant factor. The poles are the same,
as they represent the natural frequencies of the system.

These natural frequencies, however, are the zeros of the
characteristic determinant calculated from the matrix A.
The determinant also has poles, which represent the natural
frequencies of the rods in the body-fixed reference frame when
the body rotates about a inertially fixed axis. They are called
“decoupled natural frequencies™ of the rod. For ¢ =0 and
p = 0 the decoupled natural frequency of a radial rod becomes
zero for vibrations in the equatorial plane and Q; for vib-
rations in the meridian plane.

The decoupled natural fregencies of an axial rod are always
arranged in pairs, with one natural frequency of a pair on
either side of w, at a distance of 3, w, being the decoupled
natural frequency in a nonrotating system. For two equal
radial rods opposite to one another, the motions c¢; and
Q; will be decoupled from the remaining motion. The
remaining terms are multiplied by 2. This results from
application of Eq. (21) to Eq. (18). For two equal axial rods
opposite to one another, the coupling between rotation and
transiation in Eq. (20a) will disappear. The remaining terms
are multiplied by 2. If all radial rods are situated in the main
equatorial plane (4 =0) in opposite but equal pairs, the
coupling between rotation and translation will disappear in
Eq. (18). Inthis case vibrations of the rods in the equatiorial
plane will not be induced by nutation.

As pointed out earlier, the stability limit of the system is
given by w =0. A condition for those system parameters
which make the system unstable is given by setting the deter-
minant equal to zero for w = 0. This stability limit becomes
especially simple if all rods extend in the directions of the 3
principal axes fS,, B. and B;. Then an angular velocity
(Q, or Q) is coupled only with the translational velocity
perpendicular to itself (for w = 0). The coefficients of (; and
¢; become zero for w = 0.

Due to the above decoupling, this special case permits a

o o 0o o0
©o o 0 0

0 joM —0uM 0 @4
0 QM joM 0

0 0 0 joM

certain degree of understanding of the mechanics involved
without simplifying the problem appreciably. Therefore, all
the following investigations will be restricted to this case.
The following 2 X 2 matrix As.s is set up for the pair Q;c;
and gives the stability of the system with respect to rotation of
the axis B,. The matrix holds for the pair Q,c, correspond-
ingly. Henceforth attention will be paid only to the rotation
of axis B,, bearing in mind that the corresponding require-
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ments must be fulfilled for the stability of axis 8,

" —(Is — 1) — R/Qs
3 el + m)PZs);
1S [l + mk22);

Agtar = §3 Jrz [(le + m)l*Zs]k

—S [l +mhz,];, ]
*Z [(wl + m)Z 6]+
+ > [l + m)lZ o)

+ > [(ul + mhZ,];
+Z [(wl 4+ m)Z o)+
| 72 [(ed + m)Z 16)x-

where

— M
-2 [l + mZ,];
*‘Z [(}/«l S m)Z e

(26a)

Zg == ('*F15 + 2PF16 - P2F17)/)\4

Zio=Fr6 — PF17)/)\4§

Zy = (*Fm)/)\4

(26b)

The values of F and X are given by (20c).

Moreover, i, j and k pertain to axes 3,, B, and S, respec-
tivly, where k- refers to + 5 and k— refers to —§;.

The integrals Z,, Zs, and Z, are given in Figs. 5-7 for m = 0.

If the bending stiffness of the boom is negligible (cablebooms),

analytical expressions can be given for Z;, and Zs. Hence,
for ¢ =0 and w =0 we obtain

Z; =0.5[1 + m/(ud + m)}ifr

Zs=1/3 +0.5¢/{ + (2/3 + 0.5¢/)m[(uul + m) 27

The system is stable if the determinant associated with Eq.

(26a) is positive.
more special cases.

It is useful to restrict Eq. (26a) to some
If the origin of 8 is inertially fixed, the
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determinant reduces to the upper left square.
determinant is positive if

L — 1 — 2 [(ul + m)PZs) — 3 [(ul + mh>Z,],
— > [l + m)2Zs1, + RIQ5 >0

The reduced

(28)

If the origin of 8 is free to move, a positive (i.e. stabilzing)
term is added to the left side of Eq. (28). This becomes
evident when forming the determinant of Eq. (26a).

Further insight into the problem can be gained if the para-
meters of the central body without booms are introduced.
They shall be designated by (I, I, I5, M).

By the addition of rods to the central body, the principal
axes of the undeformed system will be altered. To keep the
formulas simple, this change has been restricted to a pure
translation in the direction of the spin axis 85. Furthermore,
only cable-type radial booms will be investigated. During
motion the origin of B is to be inertially fixed. For this case
the stability condition has the form:

L —1I, — AL + 5 {(ud + m)[0.5 + ¢/l + 0.5m/(ul + m)¥l},
— > {(ul -+ mA?[0.5 + 0.5mf(ul + m)fr}; + R{Q25 =0
(29a)
where
Al = MR+ 5 [(wd + mh?l + 2 [(ul + m)R*];  (29b)

h is the height of the respective part above the main equatorial
plane of the combined system. Of course, all formulas also
hold for negative r, Al, is due to the shift of the mass center
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along the spin axis and can be generally neglected. The main
terms of Eq. (29a) make clear that the addition of a cabletype
boom to a rigid body will stabilize the system with respect to
the axis perpendicular to the boom and wiil destabilize the
system with respect to the axis parallel to the boom.

In Ref. 1, the stability of a spinning body with two sym-
metric axial rods is investigated. The system is described by
two different models. In Model 1 the rods are substituted by
masspoints m, suspended in the spin axis by springs at a dis-
tance a from the main equatorial plane. In Model 2 the rods
are not subject to mechanical simplifications; the mobility of
the rods is restricted, however, by the introduction of a finite
number of normal modes. The stability of the models is
investigated by evaluating the roots of the characteristic
polynomials with the help of a computer program.

As pointed out earlier, the stability limit is given by w =0
for problems of the type encountered here. Thus the system
becomes unstable when the absolute term of the characteristic
polynomial changes its sign. Therefore, the stability limit can
be given in closed form. The formula for Model 1 is

wn2/§3221 + 2ma*/(Is — I) (30)

where w, is the natural frequency in a nonrotating system.
In Ref. 1 the following notation is introduced for Model 1:

1 =A(l + R)); 2ma® = R, A; I;=C
With these designations Eq. (30) reads as follows:
wn®[Q3? > (C/4 — DICIA —1—R)) (3D

Eq. (31) is given in Ref. 1 in the form of a parameter plot.
The stability limit of the continuous model is also given in

Ref. 1. This plot holds for only one normal mode, although

the inclusion of one more mode does not appreciably alter the

J. SPACECRAFT

Fig. 4 Parameter plot of Eqs. (31) (continuous line) and Egs. (34)
(dotted line).

plot. The exact stability limit of the continuous model can
be given with the help of Eq. (28)

Iy — 1 —2ul*Z, >0 (32)
In Ref. 1, the following notation is introduced for Model 2:

I = A(1 + Ry); R, =2ul¥(1/3 4 p+ p?)/4
Ii=C; 03%w,*=0.0807/¢ (33)

where w, is the first natural frequency of the rod in a non-
rotating system.
With this notation, Eq. (32) reads as follows:

ClA—1—=R,[1 4+ Zs/(1/3 + p+ p*)]1=0
Zy = [A‘Fl 5()‘) + 2PF16()\) - P2F1 7(/\)]/A4 (34)
A* = (Qafw1)?/0.0807

The values of Fys_;+ are given by Eqgs. (20¢). Figure 4 is in
good agreement with the parameter plot given in Ref. 1.

This is due to the fact that the normal mode chosen in
Ref. 1 differs only slightly from the actual rod deformation.

A ball-in-tube nutation damper may be regarded as a mass-
point on a massless cable type boom. Consequently, the
destabilizing effect of such a damper may be calculated with
Eq. (29a2). The result is in accordance with the stability limit
given for instance in Ref. 6.

In Refs. 2 and 7, the stability of spinning bodies with sym-
metric rotors and dampers is investigated. Exact solutions
are given as well as approximations for the quasi-rigid case
with negligible damper mass. In both cases the results are in
accordance with those given here.

Summary and Conclusions

The linearized partial and ordinary differential equations of
spinning bodies containing elastic rods along and perpendi-
cular to the spin axis are formulated. The impedance of the
rods at the attachment points to the central body is derived
from the partial differential equations, and is used to describe
the dynamics of the combined system in terms of the six de-
grees of freedom of the central body. It turns out that the only
stability limit of the system is given by w =0 and thus it is
independent of damping. The stability limit can be readily
determined with the help of diagrams; for cable-type booms
(bending stiffness negligible), closed-form solutions can be
given.

With the method demonstrated herein, systems with an
unlimited number of radial rods in different directions can be
treated easily. No restrictions as to symmetry of system or
deflections of rods are imposed on the system. The mobility
of the rods is not restricted to a certain number of modes.

Special structures within the range and variety of systems
covered by this investigation have been studied earlier. The
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results given in the literature are in good agreement with the
results obtained by the method described here. Closed-form
solutions are given for some stability diagrams. These were
obtained in the literature with the help of computers.
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Behavior of a Two Degree-of-Freedom Gyroscope
in a Rotating Satellite

THOMAS R. KANE* AND SALEH ATHELT
Stanford University, Stanford, Calif.

The equations of motion of a two degree-of-freedom gyroscope mounted in an artificial satellite are used to
formulate conditions under which the spin-axis of the rotor can remain nearly fixed in inertial space. As an
illustrative application, an attitude control scheme for Earth-pointing satellites is devised.
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Nomenclature
a = distance from Q to T
a; = unit vector parallel to QT
a, =a; X a;
a3 = unit vector parallel to E;
b = distance from P to T
b:(i = 1,2,3) = unit vectors parallel to principal axes of inertia of B
for P

B;(i = 1,2,3) = principal moments of inertia of B for P
¢i(i=1,2,3) = unit vectors parallel to principal axes of inertia of

C for P

Ci(i = 1,2,3) = principal moments of inertia of C for P

D, =moment of inertia of D about any line passing
through P and perpendicular to ¢,

D, = moment of inertia of D about symmetry axis

e = 1,2,3) = unit vector parallel to E;

= radius of circular orbit

= angle between e; and a,

= angle between a, and b,

= angle between b, and ¢,

= angular speed of D relative to C

= angular speed of line O — Q in an inertial reference
frame
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Introduction

WO degree-of-freedom gyroscopes are employed exten-
sively in inertial navigation and guidance systems. It has
been shown that the spin-axis of such a gyroscope does not
necessarily have a fixed orientation in inertial space when the
gyroscope is mounted in a rotating vehicle.! Hence, it is

Received July 26, 1971; revision received November 16, 1971.
Index category: Spacecraft Attitude Dynamics and Control.

* Professor of Applied Mechanics.

T Graduate Student.

important that vehicle motions be taken into account when
dealing with such systems.

It is the purpose of this paper to show how one can cause
the spin-axis of a two degree-of-freedom gyroscope that is
mounted in a rotating satellite to remain nearly fixed in
inertial space. The results obtained are used to devise an
attitude control scheme for Earth-pointing satellites, and it
is demonstrated that this scheme leads to significant improve-
ments in roll and yaw control.

System Description

In Fig. 1, O designates a particle fixed in an inertial refer-
ence frame, and A4 is an artificial satellite whose mass center,
Q, moves with constant angular speed in a circular orbit

Spin Axis

Fig. 1 Satellite
and gyroscope.




